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1 BBefleHHe 

Hccjie,a;oBaHHe KOMGnHaTopHbix cbohctb nepHO/JHHecKHX nocjie,a,OBaTejibHOCTeH (cjiob) nrpaeT Ba»c- 
Hyro pojib b npo6jieMax 6epHcaft,fl,OBCKoro Tiina, cm., HanpHMep, [U[2j|3]. 

Ajire6pa A = F{x\, . . . , x n )/I Ha3MBaeTCH MOHOMuajibHou, ecjin H/jeaji / cbo6ojihoh ajire6- 
pbi F(x\, . . . , x n ) nopojKfleH MOHOMaMH. IIpH H3yneHHH MOHOMHajibHbix ajire6p BajKHyro pojib nrpa- 
iot ajire6pbi bkr& A u , iyje u — HenepnojiHHHoe cjiobo: ajire6pa A u 3a,aaHa cooTHOineHHHMH v = 0, rjj;e 
v npo6eraeT MHOJKecTBO Bcex cjiob, He hbjihioihhxch no^cjioBaMH b u 00 , cm. |3J. Ajire6paMH A u hc- 
nepnbiBaeTca Kjiacc nepBHHHbix kohchho onpe/j,ejieHHMX MOHOMHajibHbix PI-ajire6p. B to jkb BpeMH, 
He Bee cjiOBa v Heo6xojj,HMM jj,jih 3a/j;aHHH TaKoit ajire6pbi. ^ocTaTOHHO, HanpnMep, orpaHHHHTbca 
BceMH cjioBaMH jj;jihhm, He npeBocxo/THmeii jijihhm u. 

IIpeflCTaBjiHeT HHTepec 6ojiee TOHHoe Hccjie/jpBaHHe CTpyKTypbi cooTHOineHHH , 3ajj;aioiHHX A u . B 
flaHHoii pa6oTe Hccjie/jyeTca Bonpoc o bo3mojkhoh jjjiHHe cjiOBa u, npn kotopom ajire6pa A u mojkct 
6biTb 3a,a,aHa n MOHOMHajibHbiMH cooTHonieHHHMH. Mm noKa3biBaeM (cm. TeopeMv l2.5p . hto b cjiynae 
ajicpaBHTa H3 ppyx 6yKB HaH6ojibinaH fljiHHa cjiOBa paBeH HHcny <pH6oHaHHH F(n). 

Pa6oTa HBjiHeTCH npo^ojiJKeHHeM CTaTbH [3], b KOTopoii nojiyneHM 3KcnoHeHiiHajibHbie oueHKH 
Ha jj;jiHHy cjiOBa u. Mbi Hcnojib3yeM HeKOTopbie hohhthh h pe3yjibTaTbi H3 btoh CTaTbH. 

KaK aBTopaM CTajio H3BecTHO, b HacToamee BpeMH n. JlaBpoB npe/yioJKHji /ipyroe jj,OKa3aTejib- 
ctbo 3Toro cpaKTa [5j. Bbijio 6bi HHTepecHO cpaBHHTb MeTOflbi /jpKa3aTejibCTB. 

2 Ilpe^BapHTejibHbie CBefleHHa 

ElycTb X = {x\, . . . , Xk} — KOHeHHbiii ajicpaBHT (b 6ojibHieit nacTH CTaTbH mm nojiaraeM k = 2). Hop, 
KOHeunuM (6ecKOHeuHUM enpaeo/eAeeo/e o6e cmoponu) caobom mm noHHMaeM jno6yio KOHeHHyio 
( 6ecKOHeHHy K) BnpaBO / BjieBO / b o6e ctopohm) nocjie/j;oBaTejibHOCTb 6yKB ajicpaBHTa; nycTaa nocjie- 

/JOBaTejIbHOCTb A TaKSCe HBJIHeTCH CJIOBOM. JJaUHOU \u\ KOHeHHOrO CJIOBa U Ha3MBaeTCH KOJIHHeCTBO 

6yKB b hSm. Bee KOHenHbie cjiOBa o6pa3yioT mohohjj; OTHocHTejibHo KOHKaTeHainiH. 

Onpe,a,ejieHHe 2.1. Caobo u Ha3ueaemcn noacjioBOM cAoea w, ecAu w = v\uvi Bar Henomopux 
CAoe v\, 1)2- Caobo u HeAHemcH HanajioM (kohhom) CAoea w, ecAu v\ = A = A). IIodcAoeo 
(nauaAO, Konev,) u CAoea v neAnemcn co6cTBeHHMM ; ecAu u ^ v. 

BeedeM na MHomcecmee KoneuHux caob uacmuuHUU nopndon: cnacnceM, umo u < v, ecAu u 
neAnemcn nodcnoeoM CAoea v. 

Henycmoe caobo u Ha3ueaemcn nepno/xiiHecKHM ; ecAu u = v n 3ah neKomopozo CAoea v u neKO- 
mopozo n > 2. B npomuenoM CAyuae oho Ha3ueaemcH Henepno/xiiHecKHM • 

Onpe,a,ejieHHe 2.2 ([4j). CncTeMoii 3anpeTOB na3oeeM kohchhoc MHowcecmeo caob V = {t>i, . . . , v n } 
e aAcfiaeume X . BydeM zoeopumb, umo (KoneuHoe uau 6ecKOHeuHoe) CAoeo w yn;oBjieTBopHeT CHore- 
Me 3anpeTOB V , ecAu v ^ w Baa ak>6ozo v € V. 

lr The work is supported by the Russian government project 11.G34.31.0053. 



Tlycmb W — 6ecKoneuHoe e o6e cmoponu caobo. BydeM zoeopum, umo cucmeMa 3anpemoe V 
onpe^ejiaeT caobo W , ecjiu W — eduncmeennoe 6ecKoneunoe CAoeo, ydoeAemeopnwmee amou cu- 
cmeMe 3anpemoe. 

IlycTb u — KOHeHHoe cjiobo. Onpe/jejinM 6ecKoneunoe CAoeo c nepuodoM u k&k u°° = . . . uuuu .... 
Ecjih cymecTByeT TaKoe cjiobo u, hto W = to 6ecKOHenHoe cjiobo W Ha30BeM nepuoduunuM. 
HeTpyflHO BH/j;eTb, hto ecjiii CHCTeMa 3anpeTOB onpe/j;ejiaeT cjiobo W, to oho nepHO/iHHHO. 

^jih Ka>K/j;oro nepHO/iHHHoro 6ecKOHenHoro b o6e CTopoHbi cjioBa W cymecTByeT b onpe/j;ejieH- 
hom CMbicjie onTHMajibHan CHCTeMa 3anpeTOB. Cjiobo v Ha30B§M KanonuuecKUM 3anpemoM jijih W, 
ecjiH v He HBjiaeTCH no/j,cjioBOM W, a jno6oe ero co6cTBeHHoe no/j;cjioBO — HBjiaeTCH. Mhojkcctbo 
Bcex KBHOHHHecKHX 3anpeTOB fljia W Ha30BeM KanoHUHecKou cucmeMOU 3anpemoe jjjis W; OHa 060- 
3HaHaeTCH C(W). 

JleMMa 2.3 (cm. [H JleMMa 1]). KanoHuuecKaM cucmeMa 3anpemoe C(W) onpedeAnem cjioeo W . 
IIpu smoM Ato6an cucmeMa 3anpemoe, 3adaK>UL,asi W , codepotcum ne Memuie SAeMenmoe, ueM C(W). 

□ 

3aMenaHHe. Mojkho noxasaTb TaKJKe, hto C(W) — ejjrmcTBeHHaji CHCTeMa 3anpeTOB, 3a;j,aio- 

HI,aa W, C MHHHMajIbHOH B03MOJKHOH CyMMOH JIJIHH BXOJTilinHX B Hee CJIOB. 

Otmcthm eme ojjho nojie3Hoe cbohctbo chctcmm C(W). 

IIpeflJiojKeHHe 2.4. Konennoe caobo v ydoeAemeopnem C(W) mozda u moM>KO mozda, Kozda v - 
nodcjioeo e W . 

fioKasamejibcmeo. Ecjih v — no/j;cjioBO b W, to, ohcbh/iho, oho yzjoBjieTBopneT C(W). 06paTHO, 
npeflnojioJKHM, hto v He HBjiaeTCH no,a,cjioBOM b W. Tor/j;a cymecTByeT MHHHMajibHoe no jjjinHe 
nojj;cjioBO v' ^ v, He HBjraioineecfl noflcnoBOM W; oho no onpe/j;ejieHHio jiejKHT b C(W). 3HannT, v 
He ynpBjieTBopaeT C(W). □ 

Onpe/j;ejiHM nncjia OH6oHannH no cjiejxyiomeMy npaBHjiy: F(0) = F(l) = 1, F(k + 1) = F{k) + 
F(k — 1). Mbi npo/j;ojiJKHM 3Ty nocjieflOBaTejibHOCTb Ha OTpnnaTejibHbie HHfleKCbi; TaK, F{— 1) = 0, 
F(-2) = 1, F(-3) = -1. 

D,ejib ^aHHoii CTaTbH — Haxo>Kjj,eHHe tohhmx BepxHHX oneHOK Ha /ijiHHy nepno^a cjioBa, ecjiH 
H3BecTHa Moui,HOCTb CHCTeMbi 3anpeTOB, ero 3ajj;aioinaH. OcHOBHbiM pe3yjibTaTOM CTaTbH HBjraeTCH 
cjie/ryioinafl Teopeivia. 

TeopeMa 2.5. Tlycmb \X\ = 2. Tlycmb cucmeMa 3anpemoe V onpedeAnem CAoeo W = u°° , zde 
CAoeo u nenepuodunno. Tozda \u\ < F(\V\). 

3aMenaHHe. B cnjiy jieMMbi [2731 mo^ho orpaHnnnTbca cjiynaeM V = C{W). 

Onpe^ejieHHe 2.6. Hycm-b caobo u ydoe/iemeopsiem cucmeMe 3anpemoe V , u x S X. Ha3oeeM 
CAoeo u' = ux (v! = xu) npo/j,ojiJKeHneM cnoea u BnpaBO (BjieBo) omnocumeAbHO V , ecAU u' maKMce 
ydoejiemeopnem V . 

Caobo u na3oeeM Heo/iH03HaHHO npo/j;ojiJKHMbiM BnpaBO (BjieBo) , ecAU y nezo cywficmeytom xomn 
6u dea pasnux npodojiMcenuR enpaeo (eAeeo). 

HaKoneu,, ua3oeeM u pa3BHjiKoft (omnocumeAbHO V), ecAU u HeodH03HaHHo npodoAotcuMO nan 
enpaeo, man u eAeeo. KpaTHOCTbio pa3euAKU u na3oeeM KOAunecmeo ee npodoAMcenuu enpaeo. 

Ha3oeeM CAoeo u pa3BHjiKOH omnocumeAbHO 6ecKOHeuHozo e o6e cmoponu CAoea W , ecAU u 
neAnemcn pa3euAK0u omnocumeAbHO C(W). CaMO caobo W maKMce na3oeeM pa3BHjiKon omnocu- 
meAbuo W . 

IIpHMep. IlycTb \X\ = 2, X = {a, b}. Tor,a;a KOHenHoe cjiobo u HBjiaeTcn pa3BHjiKOH othoch- 
TejibHO W Tor,jj,a n TOjibKO Tor/j,a, Korjj;a Bee neTbipe cjioBa ua, ub, au, bu hbjihiotch no/j,cjioBaMH 
b W . Ilpn 3tom Bee pa3BHjiKH HMeioT KparaocTb 2. Ctoht oTMeTHTb, hto cjioBa aua, aub, bua, bub 
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ysce He o6ii3aTejibHO HBjifnoTca noflCJiOBaMH b W; c jjpyron CTopoHbi, HeTpyjiHO BH^eTb, hto xotji 

6bl flfia H3 HHX flOJIJKHbl yflOBJieTBOpHTb C(W). 

B pa6oTe [1] sa/j.ana oneHKH KOJinnecTBa 3anpeTOB, 3a,z;aioinHX cjiobo W, 6bijia CBe^eHa k sa/jane 
oneHKH KOJiHHecTBa pa3BHjioK b cjioBe W. Mm TaKJKe 6yn;eM Hcnojib30BaTb 3tot pe3yjibTaT. 

JleMMa 2.7 (cm. [U JleMMa 3]). JJ^asi Kawcdozo nodcAoea u CAoea W cymecmeyem HauMewbman 
(omHocumeAbHO nopndKa pa3euAKa v = r(u), codepoicamasi u. □ 

3aMenaHHe. Ecjih v ^ v' — no^cjioBa b W, to, oneBHjjno, r(v) ^ r(v'). 

JleMMa 2.8 (cm. [4j JleMMa 5]). Ilycmb v\,...,v n — ece KoneuHue pa3euAKU e nepuoduunoM 
CAoee W = u°° , a ki, . . . ,k n — ux KpaniHocmu. Tozda 

\C{W)\ > 1 + (A* - 1) + (fe 2 - 1) + • • • + (fc n - 1). 

CiieACTBHe 2.9. \C{W)\ > n + 1. □ 

3aMenaHHe. Mojkho noKa3aTb, hto npn \X\ = 2 b jieMMe [2~8l n b cjiejcTBHH 12.91 Bcerja flocrn- 
raeTCH paBeHCTBO. 

3to cjie^cTBHe no3BOjiHeT CBecTH TeopeMV 12.51 k cjie,a,yioin,eH. 

TeopeMa 2.10. Ilycmb \X\ = 2. PaccMompuM nepuoduuecKoe CAoeo W = u°° , zde CAoeo u nene- 
puoduuHO. Ilycmb 3ah amozo CAoea cymecmeyem n kohchhux pa36UA0K. Tozda \u\ < F(n + 1). 

HMeHHo 3tot BapiiaHT mm h flOKa3biBaeM b KOHue pa3,n;ejia 0] 

B 3aKjiK)HeHHe npHBe,a,eM npHMep, noKa3biBaioinHH, hto oueHKa b TeopeMe l2.5l (H. cjieflOBaTejibHO, 
b TeopeMe I2.10p HeyjiynmaeMbi hh npn KaxoM n > 2. 

IIpHMep. ElycTb X = {a, b}. nocTpoHM nocjiejjpBaTejibHOCTH cjiob (sj), (ti) no cjiejiyioineMy 
npaBHjiy. E[ojiojkhm sq = a, to = b; flajiee, npn Bcex i > nojiojKHM Sj+i = SiSiti, tj+i = Sjij. 
HeTpyznro Bn/jeTb, hto |sj| = F(2i + 1), \t{\ = F(2i). B pa6oTe [U TeopeMa 3] noKa3aHo, hto npn 
i > 1 cjiobo W21 = (U)°° 3aflaeTCH 2i 3anpeTaMH; 3HaHHT, |C(W2i)| — 2i no JieMMe [2~3l Torna hcho, 
hto cjiobo W%i noKa3bmaeT HeyjiynniaeMOCTb oneHOK b TeopeMax 12.51 n \2. 101 npn hcthom n. 

AHajiornnHO mojkho noKa3aTb, hto npn i > 1 cjiobo W 2 i+i = {si)°° 3anaeTCH 2i + 1 3anpeTOM; 
3to noKa3biBaeT HeyjiynmaeMOCTb oneHOK npn HeneTHOM n. 

3 KoM6nHaTopHKa 

Ha npoTJiJKeHHH 3Toro n nocjie^yiomero pas^ejioB mbi paccMaTpnBaeM cpHKcnpoBaHHoe HenycToe 
KOHenHoe HenepnoflnnecKoe cjiobo u, h cjiobo W = u°°. Pa3BHjiKH n 3anpeTbi OTHOCHTejibHO cjiOBa W 
mm Ha3biBaeM npocTO pa3BHjiKaMH n 3anpeTaMH. 

Onpe,a,e.JieHHe 3.1. Ha3oeeM 3HannMOCTbio z(v) nodcAoea v KOAunecmeo pas, Komopoe oho ecmpe- 
uaemcn Ha nepuode; gjopMdAbHO soeopn, ecAU u = u\ . . . u^, zde u±, . . . ,Ud £ X, u \v\ = t, mo 

z(y) = |{1 < i < d : Ui . ..u i+t -i = v}\ , 

zde mu noAazaeM Ut+d = u i n P u 1 <i < d. 

HanoMHHM, hto fljin no^cjioBa v cjiOBa W nepe3 r(y) o6o3HanaeTca HanMeHbnian pa3BHjiKa, 
co^epjKamaa v. 

IIpeflJiojKeHHe 3.2. Ecau v ^ v', mo z(v) < z(v'). KpoMe mozo, z(v) = z(r(v)). □ 



3 



IIpefljiojKeHHe 3.3. TTycmb v — npou360AbHan KoneHHan pa3euAKa. Tozda 

z{v) = z {vx) = z(r(vx)). □ 

IlyCTE. V(j, Vl, . . . ,V n — BCe pa3BHJIKH, ynopHflOHeHHbie no 3HaHHMOCTH, TO eCTb Zq < Z\ < ■ ■ ■ < z n , 

rpp Z{ = z{vi). Etpn stom mm cnirraeM, hto vq = W (h zq = 1), a v n = A (h z n = \u\). TaKHM o6pa30M, 
Hania uejib — nojiynnTb BepxHioio oueHKy Ha z n . 

H3 npejjioaceHHH [3731 cneaveT. hto z\ = zq + zq = 2. H3 npejjioaceHHH [331 h 13,31 cneaveT cjie^y- 
romee npe/yioJKeHne. 

IIpeflJiojKeHHe 3.4. TTycmb x£X,0<i<n. Tozda z{vix) < z(vi). B uacmnocmu, ecAU r(vix) = 
Vj , mo j < i. HaKOHe% U3 Vi -< vj CAedyem z% > Zj . □ 

,Hajiee mm pa6oTaeM co cjioBaMH b ajicpaBHTe X = {a, b}. B stom cjiynae KparaocTB KajK,zi;oft 
pa3BHjiKH paBHa 2. H3 npejjioaceHHH I3~3l Tenepb BBiTexaeT cjieflyiomee npe/yioJKeHHe. 

IIpefljiojKeHHe 3.5. Zi < 2zi—\, u max{r(uja), r(vib)} > Zi/2. □ 

Onpe,a,ejieHHe 3.6. Ha3oeeM pa3euA%y Vi (i>2) HCKjnoHHTejibHon, ecjiu z% > Zi-\ + Zj_2- B npo- 
mueHOM c/iyuae na3oeeM Vi peryjinpHoft. Pa3euAKU vq u v\ maKMce 6ydeM cuumamb pezyAnpnuMU. 
Mndenc i na3oeeM HCKjHonnTejibHMM (peryjinpHMM) , ecAU pa3euAKa vi ucKAwnumeAbHa (pezyAfip- 
na). 06o3hcluum MHootcecmeo ucKAtOHumeAbnux pa3ev,A0K uepe3 I. 

HecpopMajibHO roBopn, b peryjinpHbix cjiynaax nocjie,n,OBaTejibHOCTb (z^ pacTeT He 6bicTpee hh- 
ceji Qn6oHaHHH. 

IIpeflJiojKeHHe 3.7. Ecau pa36UAKa Vi ucKAtouumeAbHa, mo z,- L = 2zj_i, Z{-\ > Zj-2, u r(v$a) = 
r{vib) = Vi-i. 

/IoKa3ameAbcmeo. IlycTb r{via) = r(vib) = Tor^a Z( = 2zi-%, h HCKjuoHHTejibHOCTb pa3- 

BHJIKH Vi paBHOCHJIBHa TOMy, HTO 2Zj_i > Z(-\ + TO eCTb Zi-l > Zi—2- B npOTHBHOM cjiy- 

nae mojkho CHHTaTb, hto r(uja) = Vj npn j < i — 2. Tor,n,a no npefljiojKeHHio 13,31 Zj = z(vi) = 
z(r(via)) + z(r(vib)) < Zi-2 + z%-l, to ecTb Vi peryjiapHa. □ 
3aMenaHHe. HcKjiroHHTejibHbie pa3BHjiKH MoryT cymecTBOBaTb. HanpHMep, b cjioBe u°°, r,a,e 
u = (ababbabbabbb) n a, pa3BHjiKa v = babbabb HCKjnoHHTejibHa npn n > 2. ^encTBHTejibHo, HeTpyznro 
npoBepHTb, hto z(v) = 2n, r(va) = r(vb) = ababbabbabbba = w, z(w) = n; 3HannMocTb >Ke jik>6oh 
flpyron pa3BHjiKH jih6o He MeHbuie 3n — 1, jih6o He 6ojibuie n — 1. 

OcTaTOK 3Toro pa3,n;ejia nocBHmeH H3yneHHK> HCKjironHTejibHbix pa3BnjioK. 

Onpe,n,ejieHHe 3.8. Tlycmb Vi € T. Tlycmb Vj — MaKCUMdAbHoe co6cmeeHHoe hclhclao pa36UAKU 
Vi-i, neAHiomeecfi pa36UAK0u. Ha3oeeM pa3euAKy Vj u ee undeKC j urrpacpHMMH djm ucKAtouumeAb- 
hou pa3euAKU V{ u ee undenca i; mm 6ydeM o6o3Hauamb Vj = ^(vi). 

3aMenaHHe. B npHHH,Hne, onpe^ejieHneM He 3anpemeHa CHTyai^ns i = j; ho b flajibHeftnieM mm 

yBHflHM, HTO OHa HeB03M0JKHa, CM. npeflJIOJKBHHe 13.111 

H3 npe^JioJKeHHH 13.31 BbiTexaeT 
IIpeflJiojKeHHe 3.9. Tlycmb Vi € I u Vj = ^f(vi). Tozda Zj < Zj-\ + Zi-\. □ 

IIpe^JiOiKeHHe 3.10. Tlycmb Vi € I u Vj = ^f(vi), npuueM Vi-i = r(vja). Tozda y Vjb. 
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/IoKasamejibcmeo. IIoctpohm nocjieflOBaTejibHOCTb pa3BHjioK (sk) cjie/iyiomHM o6pa30M. IIojiojkhm 
so = Vj, s\ = r(vjb); 3aMeTHM, hto z(si) = z{r{vjb)) = z{vj) — z(r(vja)) = z(vj) — z(vi-\) > z(vi)/2, 
TaK KaK z(vj) > z(vi) = 2z(vi-i). IIpH k > 1 nepe3 s^+i o6o3HaHHM TaKyio H3 pa3BHjioK r(s^a) 
h r(sfc6), fljiH KOTopoii z(sk+i) > z(sk)/2; OHa cymecTByeT corjiacHO npejjioaceHHio I3~51 (no 3aMena- 
hhk) Bbinie, HepaBeHCTBO z{sk+\) > z(sk)/2 BbinojmeHO h npn k = 0). 3aMeTHM, hto vjb ^ Sk npn 
KaJKflOM fc > 1. 

IlycTb k — MaKCHMajibHoe hhcjio, ,a,jia KOToporo z(sk) > z(vi-\); nycTb s& = u m . ripejxnojio>KHM, 
hto m/i-1. IIo npe,a;jioJKeHHio 13.71 HMeeM Zj_2 < 3HannT, cjiynaft m < i — 1 HeB03MOJKeH. 

IlosTOMy m > i, to ecTb z(sfc) > z« = 2zj_i. Ho Torfla 2(5^+1) > z(sfc)/2 > Zi-i, hto npoTHBopenHT 
Bbi6opy k. HTaK, m = i — 1, nosTOMy v j_i = ^ □ 

IIpeflJiojKeHHe 3.11. Tlycmb Vi £ I u Vj = ^(vi), npuueM Vi—\ = r(vja). Tozda cymecmeyem 
maKoe k (i < k < jj, umo Zk < Zk-i + z %-2 w -Zfc < -B uacmHocmu, j > i + 2, u pa36UAKa Vk 
pezyAnpna. KpoMe mozo, e KanoHuuecKou cucmeMe 3anpemoe cymecmeyem 3anpem euda yv^a, zde 
y — 6ynea. 

JJoKasamejibcmeo. CorjiacHO onpe^ejieHHio cjioBa Vj h npenjioateHHio [3. 10[ cjiobo mojkho npejj,- 
cTaBHTB KaK Vi-i = Vjat\ = t2Vjbt3 pjisi HeKOTopbix cjiob t\, t%, t^. Cjiobo t2, oneBH/xHo, HenycTo; 
nycTb x — ero nocjie/XHHH 6yKBa, ti = t' 2 x. IIocKOJibKy Vi-\ = r(vja), jiio6oe BxojKfleHHe Vjd b cjio- 
bo W npojj;oji>KaeTca jj;o Vjdt\ = i>i_i; b nacTHocTn, oho npo/jpjKKaeTCH jj,o tiv^b. 3to 3HanHT, hto 
cjiobo t2Vj(i (HaHimaiomeecH c v j a ) He BCTpenaeTca b W . 

Tor,a;a cjiobo t%Vjd = t' 2 xvja jj;ojdkho cojj;epjKaTb HeKOTopbift 3anpeT yv^z H3 KaHOHnnecKoft ch- 
CTeMbi (3flecb y, z — 6yKBbi, Vk — HeKOTopaa pa3BHjiKa). 3tot 3anpeT He MOJKeT 6biTb noflcjioBOM 
cjioBa t2Vj, h6o oho BCTpenaeTca b W. TaKJKe oh He MOJKeT hbjihtbch no,a,cjioBOM cjioBa xvjd. fi,e&- 

CTBHTejIbHO , nOCKOJIbKy Vi-l HBJIHeTCH pa3BHJIKOH, CJIOBa aVi-l H bVi-l BCTpeHaiOTCH B W; 3HaHHT, 

h hx noflcjioBa avjd h bvja TaKJKe b HeM BCTpenaioTCH h noTOMy He MoryT co,n;epjKaTb 3anpeTOB. 

HTaK, Ham 3anpeT yv^z He co/repjKHTCH b nojj;cjioBax t2Vj h xvja. 3to 3HanHT, hto oh hbjihbtch 
kohh,om cjioBa t2Vjd, CTporo co^epjKamHM xVjd] TaKHM o6pa30M, z = a, a Vk = s'vj jj;jih HeKOToporo 
HenycToro cjioBa s'. PaccMOTpHM Tenepb pa3BHjiKy vi = r(vka). Cjiobo w^a 3aKaHHHBaeTCH Ha Vja; 
3HaHHT, pa3BHjiKa vi flojiJKHa coji;epjKaTb pa3BHjiKy r(vja) = V{-\. Bojiee toto, corjiacHO onpe^ejie- 

HHK), CJIOBO Vjd HBJIHeTCH HaHajIOM pa3BHJIKH H HaXOflHTCH He B HaHajie pa3BHJIKH Ve', 3HaHHT, 

Vi-i — co6cTBeHHoe no/j;cjioBO b V£, to ecTb V£ >- Vi—\. nocKOjibKy h vg, h Vi-\ — pa3BHjiKH, nojiynaeM, 
hto z(ve) < z(vi-i) h i < i — 2. 

HtOTO, Mbl HaHIJIH pa3BHJIKy Vk = s'Vj TaKyiO, HTO z{r{Vkd)) < 2i— 2) 3HaHHT, Zk = z(vk) = 

z{r{vk(i)) + z(r(vkb)) < z«_2 + Zk-l- 3aMeTHM, hto Vj -< Vk -< v^-i, nosTOMy i — 1 < k < j n 
Zk = z(vk) < z(vj) = Zj. KpoMe Toro, k ^ i, h6o z(r(vid)) = Z{-\ > Zj_2 > Zi = z{r{vka)). 3HaHHT, 
i < k < j (h, 3HaHHT, j > i + 2), h Tpe6yeMoe k Halt/j;eHO. HaKOHeu;, nocKOjibKy Zk < Zk-i + Zj_2 < 
z k-l + z i-l — z k-i + z k-2i pa3BHjiKa Vk peryjiapHa. □ 

Onpe^ejieHHe 3.12. IJycmv Vi G X, Vj = ^(vi). Tlycmv Vk — pa36UJina, nocmpoeHHan e npedno- 
wceHuu [3.11[ Ha3oeeM amy pa36UAKy Vk u ee undenc k neHeBbiMH 3ah ucKJiwuumejibHou pa36UAKU Vi 
u ee undeKca i; o6o3Ha%UM Vk = H(vi). 

OTMeTHM HeKOTOpbie CBOHCTBa HITpaCpHblX H neHeBBIX pa3BHJIOK. 

IlpeflJiojKeHHe 3.13. Tlycmb Vi € X, Vj = ^(vi) u Vi—i = r(vj(i). Tozda z(r(vja)) < z(r(vjb)). B 
uacmnocmu, pa36UAKa Vj pezyAnpna. 

,IIoKa3amejibcmeo. IlepBoe yTBepjKflemie cjie,a;yeT H3 toto, hto r{vja) = Uj-i, a z{r(vjd))+z{r{vjb)) = 
z ( v j) = z j > z k > z i = 2z(r(vjd)). Torjj;a Vj He HCKjuoHHTejibHa no npemioaceHHio 13771 □ 

IIpeflJiojKeHHe 3.14. Tlycmb Vi,Vi' € X, Vj = ^f(yi), Vj> = fy(vi>). Tozda, ecnu i ^ i' , mo u j ^ j' . 
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/JoKasamejibcmeo. IIpe/niojioJKHM npoTHBHoe; nycTb i > i' h Uj_x = r(vja). Tor,n;a H3 npe^jiojKe- 
hhh 13 . 71 h 13 . 1 31 cjiejyeT. hto < = z(r{vja)) < z(r(vjb)), h noTOMy He MOJKeT sbjihtbch 
r{vjb). TaKHM o6pa30M, = r(vja) = u»_ i, i i = ?'. IIpoTHBopeHHe. □ 

IIpefljiojKeHHe 3.15. IJycmb i^ty £l, Vk = Ufa). Tozda Vk ^ Vl/(?v). 

/JoKasamejibcmeo. IlycTi. u,- = ^(vj), npHHeM = r(vj(i). Ho npejuioateHHio [3. 1 1 P . b KaHOHiine- 
CKoft CHCTeMe 3anpeTOB cymecTByeT 3anpeT BH,n;a yv^a, rpis y — 6yKBa, npn stom z{r{vka)) < Zi_2, 
a -z(^fc) > Zi > 2zj_2- 3HaHHT, z(r(vkb)) = z(vk) — z(r(vka)) > z(r(vka)). IIosTOMy, ecjin pa3BHji- 
Ka Vk = fy(vi'), to no npejjioaceHHio [3.131 = r{vk<i), h v^o HBjiHeTCH HanajioM cjioBa fj'-i no 
onpe^ejieHHio HiTpacpHoft pa3BHjiKH. Ho nocKOjibKy fj'-i HBjiaeTCH pa3BHjiKoii, to no,a;cjiOBO yfj'-i 
(h TeM 6ojiee yv^a) BCTpenaeTca b W h noTOMy He MOJKeT aBjiaTbca 3anpeTOM — npoTHBopenne. □ 

CyMMHpyeM pe3yjibTaTbi npe^jioJKeHHH I3.9I I3.11I I3.131 13.14I h I3.15I b cjieflyiomeH TeopeMe. 

TeopeMa 3.16. /I^jih Kawcdozo ucKAtouumeAbnozo undenca i cyu^ecmeymm mmpaainou u neneeou 
undencu j u k maKue, umo i < k < j , Zj < Zj^i + z%—\ u z^ < z^-i + Zi_2- Upu smoM wmpacfj- 
nue undeKcu Oah pa3nux ucKAfouumeAbnux maKMce pa3Auunu, a neneeou ne Momcem neAHmbcsi 
mmpacfinuM. KpoMe mozo, mmpadjnue u neneeue undeKcu pezyAsipnu (m.e. ne ucKAWuumeAbnu) . 
□ 

Onpe,a,ejieHHe 3.17. Ha3oeeM undenc r pa/joBbiM, ecAU on ne sieAnemcsi nu ucKAtouumeAbHUM, 
nu mmpaainuM, nu neneeuM. 



4 OijeHKH 

B 3tom pa3,nejie Mbi orjeHHBaeM pocT nocjie/jOBaTejibHOCTH (z{). Jlflu stoto mm CHanajia BBe^eM Kjiacc 
a6cTpaKTHbix (He o6H3aTejibHO CBSoaHHbix co cjioBaMn) nocjieflOBaTejibHOCTelt, MaJKopnpyioiHHX no- 
cjie^OBaTejibHOCTH BH,n,a (zi), a 3aTeM 6yn;eM ou,eHHBaTb sth nocjie^oBaTejibHOCTH. 



4.1 flonycTHMbie nocjie,zi,OBaTejii>HOCTH 

Onpe,a,ejieHHe 4.1. IJycmb n > 2 — namypaAbnoe hucao. IJycmb e Mnowcecmee {2, 3, . . . , n} eude- 
Aenu mpu nonapno nenepeceKamu^uxcn nodjunocHcecmea I, J u K, \I\ = \ J\ > \K\ (dAeMenmu smux 
nodMHOMcecme 6ydeM na3ueamb coomeemcmeenno HCKjuoHHTejibHbiMH, HiTpacpHbiMH h neHeBbiMH; 
undenc, ne AeMcau^uu nu e odnoM U3 nodMHOMcecme, na3oeeM pHflOBbiMj. HaKone% nycmb edo6aeoK 
3a(fiuKcupoeanu 6ueKu i us\, tp : I — >• J u cmpneKU ) UR ir : / — > K , npuueM i < ir(i) < 3ah ak>6ozo 
i £ I. Ha3oee.M na6op S = (n, /, J, K, ip, tt) CHCTeMoft. fljisi k € K onpedeAUM d(k) = min7r _1 (A;); 
3AeMenmu MHOMcecmea d{K) C I na,3oeeM hjioxhmh 3ah cucmeMU S. 

CaMou npocmou cucmeMOU sieAHemcsi «nycman» cucmejvia O n = (n, 0, 0, 0, 0, 0). 

IlycmbU = (xj)^Q — nocAedoeameAbHocmu neompui^ameAbnux nuceA. BydeM zoeopumb, umoU 
cooTBeTCTByeT cucmeMe S, ecAU eunoAneno ycAoeue 

(1) Bah ak>6ozo 2 < r < n, x r = x r _\ + Xq^, zde 

r — 2, ecAU r — pndoeou; 

r — 1, ecAU r — ucKAfouumeAbnuu; 

6{r) = < 

ift (r) — 1, ecAU r — uimpadinou; 

d{r) — 2, ecAU r — neneeou. 

Hcno, umo manan nocAedoeameAbnocmb 3adaemcn nauaAbnuMU HAenaMU xq u x±; 6ydeM o6o3na- 
uamb ee'Yls{ x o^ x i)- 

Ha3oeeM nocAedoeameAbnocmb Hs(a,b) flonycTHMolt Bah S, ecAU < a < b < 2a; Hanoneu,, 
6ydeM zoeopumb, umo nocAedoeameAbnocmb Hg = 115(1,2) nopojK^eHa cucmeMou S. 
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IlycTE. Tenepb W = u°° — 6ecKOHenHoe nepnoflHHHoe cjiobo, h (zi) — nocjie^oBaTejibHOCTb 3Ha- 
HHMOCTeli, onpeflejieHHaa b npeflbiflymeM pas^ejie. Pe3yjibTaTbi 3Toro pa3,n;ejia no3BOjraioT BbinncaTb 
nopojK^eHHyio nocjie,n,OBaTejibHOCTb, MajKopHpyiomyio nocjieflOBaTejibHOCTb (zi). HivieHHO, nycTb hh- 
fleKCbi i\ < ■ ■ ■ < i m hbjihiotch HCKjiKtHHTejibHbiMH fljia cjioBa W, HH^eKCbi j\ , . . . , j m — niTpacp- 
HbiMH (npiineM jt — niTpacpHoit fljia it), & HH,n;eKCbi ki, . . . , k s — neHeBbiMH (HanoMHHM, hto neHe- 

BOH HH^eKC MOJKeT COOTBeTCTBOBaTb HeCKOJIbKHM HCKJIIOHHTejIbHblM) . IIojIOJKHM / = {il, . . . ,i m }, 

J = {ji, . . . ,j m }, K = {k\, . . . , k s }; no TeopeMe 13.161 sth MHOJKecTBa nonapHO He nepecexaioTCH. 
JX&jiee, pjm Bcex 1 < r < m norioJKHM ip(i r ) = j r n onpe,n,ejiHM n(i r ) KaK neHeBoft HH^eKC, coot- 
BeTCTByioinHH HCKjiionHTejibHOMy i r . Tor,a;a (n, I, J, K, tp, tt) — cncTeivia corjiacHO TeopeMe 13.161 H3 
3toh JKe TeopeMbi BbiTeKaeT cjie,n,yioiHee npe,a,jioJKeHHe. 

IIpeflJiojKeHHe 4.2. Tlycmb noc/iedoeamejibHocmb (yi) nopowcdena cucmeMou S = (n, I, J, K, ip, ir). 
Tozda dun ak>6ozo undenca r = 0, . . . , n eunoAneno Hepaeencmeo z r < y r . 

/IoKasamejibcmeo. HH/iyKHHH no r. Ilpn r = 0, 1 yTBepjKfleHne oneBH^HO, TaK KaK z r = y r . llycTb 
z s < Us n P H Bcex s < r. Tor,n,a no TeopeMe 13.161 HMeeM z r < z r -\ + Zqi t ) < y r -i + Ve{r) = Ur, ^to h 
Tpe6oBajiocb. □ 

Otmcthm cpa3y HeKOTopbie CBoncTBa jiio6oh /jonycTHMoii nocjieflOBaTejibHOCTH (yi), aHajiornn- 
Hbie CBoftcTBaM nocjieflOBaTejibHOCTH (z^ H3 npeflbmymero pa3,a;ejia. 

IIpeflJiojKeHHe 4.3. Tlycmb nocjiedoeamejibnocmb (yi) coomeemcmeyem cucmeMe S. Tozda < 
Ui < Ui+i n P u scex 1 < i < n. Ecjiu, edo6aeoK, (yi) donycmuMa djifi S, mo < yi < yi+i < 2yi npu 
ecex < i < n. 

/IoKa3amejibcmeo. HepaBeHCTBO yi > (n nosTOMy yi+\ > yi) cjie^yeT H3 onpeflejieHnn. OcTa- 
jiocb /i,OKa3aTb HepaBeHCTBO yi < yi+i < 2yj fljiH ^onycTHMolt nocjie^oBaTejibHOCTH (yi). IlpHMeHHM 
HHflyKi^nio no i. Ilpn i = Bee yTBepjK,a;eHHH BepHbi. ^ajiee, npn i > 1 HMeeM yi+\ = yi + y r 
npn HeKOTopoM r = 9(i + 1) < i. Ho npe,n;nojio)KeHHio HHflyKipiH HMeeM < y r < yi, OTKy^a 

Hi < Hi + Ur < 2l/j, HTO H Tpe6oBajIOCb flOKa3aTb. □ 

HanoMHHM, hto HHCjia OH6oHannH 3a,i;aHbi ycjiOBHHMH F(0) = F(l) = 1 n F(n + 1) = F(n) + 
F(n — 1) npn Bcex u^ejibix n. 

IIpeflJiojKeHHe 4.4. Ylycmb k > 2, t > —1, u undencu k, k + 1, . . . , k + t — pndoeue. Tozda 
Vk+t = F(t + l)y k _! + F(t)y k _ 2 . 

/IoKa3amejibcmeo. HH,n;yKHHH no t. Ilpn t = —1,0, 1 HMeeM 

= i ? (0)y fc _i+F(-l)y fc _ 2 , y k = F(l)y fc _ 1 +F(0)y fc _ 2 , Vk+i = Vk-i+Vk = F(2)y k _ 1 +F(l)y k _ 2 
Ecjih nee t > 2, to 

Vk+t = Vk+t-i + Vk+t-2 = (F(t) + F(t-l))y k _ 1 + (F(t-l) + F(t-2))y k ^ 2 = F(t + l)y k -i +F(t)y k - 2 , 

HTO h Tpe6oBajiocb. □ 

IlycTb nocjieflOBaTejibHOCTb (xi) nopojKfleHa CHCTeMoft O n ; Tor^a, hcho, x% = F(i + 1) npn Bcex 
< i < n. Hania i;ejib — noKa3aTb, hto /i;jih jno6oii nopoJKfleHHoft nocjieflOBaTejibHOCTH yo, . . . ,y n 
BbinojiHHeTcn HepaBeHCTBO y n < x n = F(n + 1). C stoh u;ejibio mm 6y,n,eM nepecTpaHBaTb CHCTeMy 
(n,I, J, K,ip,ir), cbo^h ee k nycToli, TaK, hto6bi 3HaneHHe y n He yMeHbniajiocb. 
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4.2 3jieMeHTapm>ie yjiynnieHHa nopoac/i,eHHOH nocjieflOBaTejibHOCTH 

3flect. ii flajiee, ecjiii He oroBopeHO nporaBHoe, S = (n, I, J, K, ip, tt) — npoH3BOJibHaH ciicTeivia, a 
yo> ■ ■ ■ j Un — nocjie^oBaTejibHOCTb, eio nopojKfleHHan. 06o3HaHiiM nepe3 L = I U J U K MHOJKecTBO 

BCeX HepHflOBBIX IIH^eKCOB. 

KajK^bili pa3 mbi 6y,n;eM nepecTpaiiBaTB ciicTeiviy S, nojiynaa ciicTeiviy S' = (I' , J' , K' 
h nopoJKfleHHyio eio nocjie/ipBaTejibHOCTb (y'i)™^, PAR KOTopoft y' n > y n (cpyHKinm d h 9, a TaKJKe 
MHOJKecTBO L fljia CHCTeMbi S' TaKJKe 6yo;eM noMenaTb niTpHxaMH) . Taicyio nocjieflOBaTejibHOCTb (y^) 
(ciicTeMy S 1 ) mm 6yneM Ha3biBaTb yjiyuuienueM nocjieflOBaTejibHocTii (j/j) (ciicTeMbi S). ^ocTaTon- 
Hbie ycjiOBiia ^jih yjiynineHHH o6ecnennBaeT cjie/iyioinaH jieMMa. 

JleMMa 4.5 (06 yjiyniHemm) . Tlycmb £ > 2, u eunoAnenu cjiedymu^ue ycAoeua,: 

(1) ua 9{i) >£-l cjiedyem 9'{i) = 6{i); 

(2) y\_ x > yt-x, y' e > yt, 

(3) y'ytis > Veii) n P u scex i > i manux, umo 9(i) < i — 1. 

Tozda y\ > yi npu ecex i > I — 1; e uacmHocmu, (y[) neAnemcn yAyuuienueM (yi)- 

JJoKa3ameAbcmeo. HbyiyKuiifl no i. Ba3a pjiH i = £ — 1,£ ecTb ycjiOBiie (2)\ nycTb i > £. Ecjiii 

9(i) > £ - 1, to yi = yi-i + y e ^ < y[_ x + y' e , {i) = y[ no npe/niojiojKeHHio HH,zi;yKHHH n ycjioBnio (1). 

Ecjih »ce 9(i) < £ — 1, to yi = yi-± + yg^ < + = y'{i) no npe^nojiojKeHHio HH,nyKHHH n 

ycjioBnio (3). □ 

B 3tom noflpasflejie mm npHBe,a,eM HecKOJibKO 3jieMeHTapHbix yjiynniemiH. nepBbie ^Ba H3 hhx 

MOJKHO CXeMaTHHHO H3o6pa3HTb TaK: 

HP . . . PH ->• P . . . PHH; HKP ->■ KPH, HKH -> KHH, 

r^e nepe3 H, P, K, H o6o3HaneHM cooTBeTCTBeHHO HCKjnonnTejibHbin HHfleKC, ph^oboh HHfleKC, 
niTpacpHofi hjih neHeBoit HHfleKC, HepaflOBon Henjioxoft HHfleKC (HanoMHHM, hto HH^eKC njiox, ec- 
JIH OH JieJKHT B MHOJKeCTBe d~ l (K). 

IIpeflJiojKeHHe 4.6 (cflBnr HCKjnoHHTejibHoro HH^eitca BnpaBo). Tlycmb r — ucKAmuumeAbHuu 
undeKC, a £ = min{t : r < t € L} — CAedymu^uu 3a r nepadoeou undeKC. Tlycmb undenc £ nenAoxou. 
06o3nauuM uepe3 I' MHOwcecmeo, noAyueuHoe U3 I 3aM6Hou r ua r' = £ — 1 . CoomeemcmeeHHO U3- 
mbhum (pyHKi^uu i/j, IT, noAasciH ip'{r') = ip{r), ir'(r') = 7r(r). Tozda cucmeMa S' = (n, I' , J, K, ip' , tt') 
— yAynmenue cucmeMU S. 

/IoKa3ameAbcmeo. Ilpn £ = r + 1 ,n;oKa3biBaTb Henero; nycTb £ > r + 2. OneBH^HO, hto nocjie 
3aMeHbi nojiynaeTca CHCTeMa. HanoMHHM, hto nepe3 (^)f = o mm o6o3HanaeM nocjie^oBaTejibHOCTb, 
nopojK^eHHyio S ! . 3aMeTHM, hto y[ = yi npn i < r. E[ojiojkhm t = £ — r — 1 > 1. 

06o3HaHHM a = y r -2 = y' r -2^ b = Vr—l = y' r -i'i 3aMeTHM, hto b < 2a no npenjioateHHio 1431 Tor,a,a 
y r = 2b, h no npefljioJKeHHio 14.41 nojiynaeM 

ye-i = y r +t = F{t)y r + F(t - l)y r _i = (2F(t) + F(t - l))b = F(t + 2)6. 

AHajiornnHO HMeeM 

v'i-2 = Vr+t-i = F(t)Vr~i + F(t - l)y r -2 = F(t)b + F(t - l)a > 

y[- 1 = 2y[_ 2 >F{t + 2)b = y t . l . 

^ajiee, y e = y^i + y e ^, y' e = y\__ x + y' e ,^y Ilpn stom, ecjin £ = vr(r), to y' g/ ^ = y' e _ 3 > y' r _ 2 = 
y r ~2 = yo(r)- liHane 9'(£) = 9(£), h jih6o 9(£) = £ — 1, jih6o 9{£) < r — 1, n6o HH,n,eKCM r + 1, ...,£ — 1 
pjiflOBbie. B jho6om cjiynae nojiynaeM y' g ,^ > ye{i)i a noTOMy hi/J> y£. 
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Mm totobm npoBepirrb, hto ycjioBHH jieMMM 1431 06 yjiyHineHHH BMnojmeHM, OTKya,a 6ya,eT cne- 
flOBaTb Tpe6yeivioe. YcjioBHe (2) y>Ke npoBepeHo; ycjioBHe (1) oHeBH/nro. YcjioBHe »ce (3) oneBimHo 
fljia Bcex % {ip(r), d~ l (r), d~ l {£)}, h6o Tor,n,a H3 <-£— l<i — 2 cjiejxyeT 9(i) = 9'(i) < r — 1 
h = (i)- PaccMOTpHM ocTaBninecH cjiynan. IIpH z = V( r ) = ifi'(£ — 1) HMeeM J/^/^\ = y^_ 2 — 
= y r _i = IlpH i = cH(r) HMeeM = y^_ 3 > y£_ 2 = y r _ 2 = y 9{i y HaKOHeu,, cjiyw 
i = HeB03MOJKeH, 1160 £ — HenjioxoH, T.e. £ (jL d(K). □ 

3aMenaHHe. rioij,o6Hyio onepauHH aaMenu o^Horo HH^eKca ;ipyrHM mm 6yn,eM oimcbiBaTb mho- 
roKpaTHO. B flajibHeitnieM mm He 6ya,eM onncbiBaTb cooTBeTCTByioniyio 3aMeHy apyHKUiiii if), ir, cniiTaa 
ee nojxpasyMeBaiomeHCH. 

IIpeflJiojKeHHe 4.7 (nepeMeHa mcct). IJycmb 2 < r < n — 2, r £ I, r + 1 £ J U if, npuueM 
r + 1 ^ {if){r), 7r(r)}, a undeKC r + 2 — nennoxou. Ecau r + 2 — pezyAnpnuu, mo 3aMenuM e I 
undenc r na r + 2, a e J uau e K — undeKC r + 1 na r. Ilnaue 3aMenuM e I undeKC r na r + 1, a 
e J uau e K — undeKC r + 1 na r. 

Tozda noAyuennan cucmeMa S' yjiyuuiaem S. 

floKasamejibcmeo. 3aMeTiiM cpa3y, hto yi = y[ npn i < r. KpoMe Toro, ycjioBHe r + 1 ^ {ip(r),ir(r)} 
rapaHTiipyeT, hto nocjie 3aMeHM nojiynaeTCH ciicTeMa. 06o3HanHM 6 = y r -i, P = Ue(r+i)- Bo3mojkhm 
Tpii cjiyuaa. 

1. IlycTb HH/jeKC r + 2 — peryjiapHbift. Tor,a,a 

Vr = 26, y r +i = 26 + p, y r+2 = 4.b + p, 

y' r = b + p, y ' r+1 = 2b + p = y r+1 , y' r+2 = 46 + 2p > y r+2 . 

IlpoBepHM ycjioBHH JieMMM 06 yjiyHineHHH npii i = r + 2. YcjioBHe (1) oneBH^HO, a (2) y>Ke npo- 
BepeHO. YcjioBHe (3) Tpe6yeT npoBepKH jinnib npn i £ {^(r), d~ 1 (r)} (nHane 9(i) = 9{i') < r a 

Ve(i) = v'e'{i))- EcjIH i = ^( r ) = ^'( r + 2 )> TO v'e'(i) = Vr+i ^ 2/r-i = V6(i)- Ec ™ » e r = d{i), to 

= Vr > V'r-2 = Ve{r)- 

2. IlycTb Tenepb HHjj;eKC r + 2 — HCKjiioHHTejibHMH h Henjioxolt. Tor^a 

Vr = 26, y r +i = 2b + p, y r+2 = 46 + 2p, 

y' r = b + p, y' r+1 = 2b+2p> y r+1 , y' r+2 = 4b + 4p> y r+2 . 

OnHTb npoBepHM ycjiOBHH JieMMM 06 yjiyHineHHH npii t = r+2. Ycjiobhh (1) h (2) BepHM. YcjioBHe (3) 
Tpe6yeT npoBepKH jinnib npn i £ {^(r), d _1 (r)} (HanoMHHM, hto r + 2 — Henjioxoii); 3Ta npoBepKa 
npoH3BO^HTCH aHajioniHHO npeflbiflymeMy cjiynaro. 

3. HaKOHeu,, nycTb HHfleKC r + 2 — nrrpacpHOH hjih neHeBoft. 06o3HaHHM q = y#(r+2)- Torj^a 

Vr = 26, y r+1 = 26 + p, y r+2 = 2b + p + q, 

y' r = b + p, y' r+1 = 2b + 2p> y r+1 , y' r+2 = 2b + 2p + q> y r+2 . 

IlpoBepKa ycjioBHit JieMMM 06 yjiyHraeHHH npoBO/i,HTca aHajiornHHO nepBOMy cjiynaro. □ 

Cjie^CTBHe 4.8 (o pa3flejieHHH) . IJycmb 2 < p < q < n, npuueM q + 1 — nenjioxou nepsidoeoil 
undenc. 06o3nauuM T = [p,q]- IJpednoAOMCUM, umo T D K = , u ece undeKcu U3 MHOMcecmea 
I flT, KpoMe, eo3MOOK.no, nauMenbuiezo U3 hux — nennoxue. 

Tozda cyu^ecmeyem cucmeMa S' = (n,I', J', K', ip', ir'), yAyHuiawvuan S; npu omoM S u S' om- 
AUHammcn Jiuuib na ompe3Ke T (diopMajibno zoeopn, I\T = I'\T , J\T = J'\T, K\T = K'\T ', 
u ip(i) = j <^=^> = 3, 7r(z) = k <^=> 7r'(z) = k dnn ak>6ux i,j, k ^ T), u MHOMcecmeo I' DT 

naxodumcn npaeee, ueM J' D T. Bo/iee mozo, \I' Pi T\ = \I fl T\, \ J' DT\ = \ Jn T\, u K' PiT = . 
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/IoKasameAbcmeo. Ecjih I\ = I D T yjKe Haxo/niTcn npaBee J\ = J H T (b nacTHOCTH, ecjin o/nro H3 
3THX MHOJKeCTB nyCTo) , TO MOJKHO nOJIOJKHTb S' = S. HHane Bbi6epeM 



iq = min I\ 



j = min{j e Ji : j > i } 



i = max{i G I\ : i < j}. 



Tor,n,a i mojkho 3aMeHHTb Ha j — 1 no npe^jioJKeHHio I4.6| a 3aTeM noMeHSTb hx MecTaMH no o,a;HOMy H3 
BapnaHTOB npenjioateHHg l4~7l HocjieflHee bo3mo>kho, TaK KaK j+1 He MOJtceT 6biTb njioxnivi HH^eKCOM 
no ycjioBHio, a TaioKe ir(i) > j (n6o I D K = 0). IIocKOjibKy cyMMa HCKjnonnTejibHbix HHfleKCOB 
CTporo B03pacTaeT, cepnen Taxnx 3aMeH mm paHO hjih no3,a,HO flo6beMcn Tpe6yeMoro. 

OcTajiocb 3aMeTHTb, hto npn KajK^on 3aMeHe MonnrocTH MHOJKecTB I PiT, JOTuKnTne 

MeHHJIHCb. □ 

EiB,e o/];ho npeo6pa30BaHne CBH3aHO tojibko c H3MeHeHHeM cpyHKinin ip, to ecTb c «nepeHa3Hane- 
HneM» niTpacpHbix HH^eKCOB. 

IIpefljiojKeHHe 4.9 (o nepeHa3HaneHHn ^Byx nrrpacpoB). Ilycmb i\ < %2 — HeKomopue uckamuu- 
meAbHue undeKcu, a j\ < ji — coomeemcmeymmue um mmpacfmue (m.e. ip{i s ) = js n P u s = 1,2), 
npuueM ji > irfo)- M3MenuM aiyuKuum ip na SAeMenmax i\, ii, noAazan ip'{i s ) = j3-s npu s = 1,2. 
Tozda noAyuuAacb cucmeMa S' , neAMomasicsi yAyuuienueM cucmeMU S. 

/JoKa3ameAbcmeo. Ycjiobhh i\ < i<i < irfo) < j\ < ji rapaHTnpyioT, hto S' — cncTeMa. 3aMeTHM, 
hto y t = y[ npn t < j 1 . 06o3HannM a s = y is _i = y e(js) = y' e ^ j:j s ) npn s = 1, 2, 6 = a 2 - at > 0. 
Tor^a y'^ = yj x —\ + 0,2 = Uji + 5. Henocpe^cTBeHHan HH/iyKinrn noKa3biBaeT, hto y' t > yt + 5 npn 
il < t < j%. Tor^a y'j 2 = y'j 2 -i + a i — 2/j 2 — 1 + a\ + 5 = yj 2 - Tor,n;a HeTpy^Ho BH,n;eTb, hto Bee ycjioBnn 
jieMMbi 14.51 06 yjiynnieHHn npn t = j'2 BbinojmeHbi. □ 

Cjie^CTBHe 4.10 (o nepeHasHanemm niTpacpoB). Ilycmb k > 2, i\ < • • • < i/- — Henomopue 
ucKAtouumeAbHue undeKcu, a j\ > ■■■ > jt — ULmpacpHue undencu, npuueM ■ ■ ■ , ik}) = 

{jlj • • • M3MenuM (fiyHKUUK) ip na SAeMenmax i\, . . . , i^, noAazan ip'(i s ) = js n P u s = 1, . . . ,k. 

Tozda, ecAU S' = (n, /, J, K, ip' , tt) — cucmeMa, mo S' — yAyuuienue cucmeMU S. 

JJoKasameAbcmeo. IiH/ryKnira no k. Ilpn k = 2 bto — npe^bi^ymee npe,a,jioJKeHHe. IlycTb k > 2. 
Ecjih V'(^fe) = 3k, TO mojkho Henocpe^cTBeHHO npnMeHHTb npe^nojiojKeHne HHflyKi^nn. IlycTb Tenepb 
VK^fc) = Js n P H s < k; Toiyja jk = ip(it) npn HeKOTopoM t < k. IlpHMeHHM npeflJioJKeHne 14.91 k 
HH^eKcaM it, ik, jk, js- IlocKOJibKy S 1 — cncTeMa, to ig < ik < 7r(ifc) < jk < j s , nosTOMy npn 
3aMeHe (pyHKn,nn ip nepeHa3HaneHneM ip"(it) = js > jk, ^"(ik) = jk TaKJKe nojiynaeTca cncTeMa S" , 
HBji5nom,ancH yjiynmeHHeM 5. J\jin Hee onHTb mojkho npnMeHHTb npeflnojiojKeHne HH/i,yKH,HH, n6o 



3aMenaHHe. ^jih toto, HTo6bi b ycjioBnax c jiejcTBHH 14 . 1 1 S' OKa3ajiacb cncTeMolt, flocTaTOHHO, 
HanpnMep, HTo6bi BbinojiHHjiocb ycjioBne |7r({«i, . . . ,ifc})| = 1- 

4.3 Cjiynafi e,n,HHCTBeHHofi neHH 

Pa36epeM CHanajia cjiynan, Kor,a;a \K\ = 1. B stom cjiynae OKa3biBaeTCH BepHa cjieflyioinaH jieMMa. 

JleMMa 4.11. Ilycmb nocAedoeameAbnocmu (yi) u (xi) nopootcdenu cucmeMaMuS = (n, I, J, K, ip, ir) 
u O n oomeemcmeeuHO, npuueM 2 S /, \K\ = 1 u x n > y n . Tozda 3ah ak>6ux donycmuMux nocAedo- 
eameAbuocmeu IIo n (a, b) = {x'j) u 115(0,6) = (y^) uMeeM x' n > y' n . 

/IoKasameAbcmeo. 06o3HanHM (aj) = IIc) n (l,0), (bi) = 115(1, 0); nycTb K = {k}. 3aMeTHM, hto 
bi = npn i < k, nocKOJibKy npn Bcex TaKnx HH^eKcax 9(i) > 0. KpoMe toto, nocKOjibKy k > 3, mm 
HMeeM a k > 1 = b k n a k+1 >2 = b k + b = b k + b e ^ = b k+1 . 

^ajiee, HHKaKon HH^eKC i > k — He HCKjnonnTejibHMH. IloKajKeM HH/ryKi^neii no i > k, hto 
bi < aj. ^eiicTBHTejibHO, npn i = kni = k + l yTBepiK^eHne y»ce ,a,OKa3aHo; ecjin »ce i > k + 2, 




□ 



10 



to bi = bi-i + ; ecjiH 9(i — 1) ^= i — 2, to = h 6j = 6j_i < a,_i < HHane 

6i < 6j_l + h-2 = di-l + aj_2 = di, hto h Tpe6oBajiocb . 

HTaK, mm nojrynaeM, hto b n < a n . HaKOHen,, 3aMeTHM, hto Ho n (a, b) = (6/2)11^(1,2) + (a — 
6/2)n On (l,0) h n 5 (a,6) = (6/2)n 5 (l,2) + (a - 6/2)Ii 5 (l, 0), npnneM a - 6/2 > 0, nocKojibKy 3 th 
nocjienpBaTejibHOCTH npnycTHMM. 3HaHHT, 

x' n = (b/2)x n + (a- b/2)a n > (b/2)y n + (a - b/2)b n = y' n , 

hto h Tpe6oBajiocb ^oKa3aTb. □ 

Onpe,z],ejieHHe 4.12. ^f/w uucAoeoso MHOMcecmea X onpedeAUM ezo cnBHr BjieBO kclk X~ = {x — 1 : 
x € X}. ,Z[./i.» uucAoeou diyuKu.uu <fr onpedeAUM ee cnBHr BjieBO gjopMyAou (j)~(x) = (j)(x + 1) — 1. 

Tlycmb S = (n, I, J, K, ip, tt) — cucmeMa, e Komopou 2 — pezyjwpHuu undeKC. OnpedeAUM ee 
cflBiir BjieBO KaK cucmeMy S~ = (n — 1, 1~ , J~, K~ , if)~ , tt~). 

JleMMa 4.13. Tlycmb S = (n, I , J, K,ip,ir) — cucmeMa c \K\ = 1. Tlycmb (xj) = Us(a,b) u 
(yi) = Ho n (a,b) — donycmuMue nocAedoeameAbnocmu. Tozda x n > y n . 

JToKa3ameAbcmeo. npennojiOHCHM npoTiiBHoe; Bbi6epeM H3 Bcex npnycTHMbix nocjienpBaTejibHoc- 
Teli 115(0,6) (npii BceB03M0JKHbix S, a ii 6), npoTHBopeHaiiinx jieMMe, Ty, hjih KOTopoli n mhhii- 

MajIbHO, a H3 TaKHX — Ty, HJIH KOTOpOH MHHIIMajIbHO |/|. CorjiaCHO JieMMe |4\11[ MOJKHO CHHTaTb, 

hto a = 1, 6 = 2. Ecjiii 2 ^ 7, to 2 — peryjinpHbiii HHneKC. 3HaHHT, hjih nocjienpBaTejibHOCTeii 
(x i+ i)^~Q = n <s -(6, a + 6) 11 (yi+i)™^ 1 = II C ) n _ 1 (6, a + 6) yTBepncneHHe jieMMM BepHO, to ecTb 

%n > Un, hto He TaK. HTaK, 2 € /. 

IlycTb K = {k}. IlpeflnojiojKiiM, hto / ^ {2, 3, . . . , k — 1}. IIojiojkhm iq = min{« > 2 : i ^ /}, 
jo = min{^ G L : £ > io}, t = jo — io- no JieMMe 14.61 mojkho nocjienpBaTejibHO cjiBHHyTb Bee 
HHfleKCM iQ — lj^o — 2, . . . , 2 b iibyieKCM io + t — 1, . . . , 2 + t cooTBeTCTBeimo , yjiynrnHB CHCTeMy S. 

Ilpil 3TOM 2 He SBJiaeTCH HCKJIIOHIITejIbHMM flJIH HOBOH CIICTeMM, HTO HeB03M0JKH0. SliaHHT, / = 

{2, . . . , k — 1}. IJ,ajiee, corjiacHO cjiejcTBiiio 14. 101 o nepeHa3HaHeHiin niTpa4)OB, mojkho cniiTaTb, hto 
V>(2) > V(3) >■■■ >ip(k-l). 

npeflnojiojKHM, hto |/| > 2. nojiojKiiM I' = (I \ {2})-, J' = (J \ {^(2)})-, K' = {k — 1}, 
■0' = 0~|j/, 7r'(i) = A; — 1 flJia Bcex i = 2, . . . , k — 2. Tor^a 5' = (n, J' ,K', tp' , tt') — cHCTeMa; nycTb 
{y[) = IloKa>KeM, hto y' n > y n ; sto 6ya,eT npoTHBopeHHTb iicxoflHOMy Bbi6opy, 1160 |/'| < |/|. 

IIojiojkhm t = max J, t' = max J'; Torjia d = t — t' > 2. IIojiojkhm S" = (t', J', K' , ip' , tt'). 
IlycTb (oj) = II5// = (y9i=o- nojio>KHM p = Ofi-i, q = af. 3aMeTHM, hto p > 5, q = a t >-\ + a\ = 
p + 2 > 7. Tor^a no npe/i;jio>KeHHio KM y't-i = F{d - l)q + F(d - 2)p, y[ = F(d)q + F(d - l)p. C 
flpyroit CTopoHM, HMeeM y\ = 2, 7/2 = 4; 3HaHHT, OTpe30K nocjieflOBaTejibHOCTH (yi+i)| = o ctpohtch 
TaK »ce, KaK h Il5«(2, 4) = (2a,), 3a eflHHCTBeHHMM HCKjuoneHHeM: y^ = yk-i + 1, b to BpeMH 
KaK 2afc_i = 2afc_2 + 2. Torjia HeTpyjj;HO BH^eTb, hto yf < 2p, yt'+i < 2q. Tenepb, CHOBa no 
npefljioJKeHHio 14,41 nojiynaeM yt-i < 2F(d — 2)q + 2F(d — 3)p. Torjia 

Vt = Vt-i + Vi< 2F(d - 2)q + 2F{d -2>)p + 2< F(d)q + F(d - l)p = y' t , 

nocKojibKy F(d) > 2F(d — 2), F(d — 1) > 2F(d — 3), npnneM xoth 6m o^ho H3 3thx HepaBeHCTB 
CTporoe. ^ajiee, nycTb t < n; noKanceM Torjj;a, hto y' t+ i > yt+i- IIocKOJibKy q = p + 2, HMeeM 

y't+i - yt+i = (y't + Vt-i) - (Vt + Vt-i) > (F(d + l)q + F(d)p) - (AF(d - % + 4F(d - 3> + 2) = 
= {F{d + 2) - 4F(d - l))p + 2(F(d + 1) - AF(d - 2) - 1) = 
= (2F(d - 2) - F(d - l))(p - 2) + 2{2F{d - 1) - F(d) - 1). 

IIocKOJibKy 2i* 1 (d — 2) > F(d — 1) h 2.F(ci — 1) > F(d), npnneM xoth 6m ojj;ho H3 sthx HepaBeHCTB 
CTporoe, nojiynaeM y' t+1 - y t +\ > min{p - 4,0} = 0. HTaK, y t+1 < y' t+l , y t < y' t , OTKy^a h cjie^yeT, 
hto y n <y' n - 

HaKOHen,, nycTb |/| = 1. Torna aHajiorHHHO iS 3aMeHHeTCH Ha nycTyio CHCTeMy c yBejinneHHeM 
nocjieflHero HjieHa. □ 
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4.4 06m,aa oijeHKa 

Tenepb mm roTOBbi k /joKasaTejibCTBy o6meii oiibhkh. CHanajia flOKajKeM jieMMy, no3BOJi5noiii,yio 
cflejiaTB KjnoneBon HH,n,yKii,HOHHbiH mar c npHMeHeHiieM jieMMbi 14.131 

JXflz KajK,a,oro k € K onpe,nejiHM ero ompe30K baurhuh A(k) = [d(k), max (tt~ 1 (k))]. Hhbimh 
cjioBaMH, OTpe30K bjihhhhh neHeBoro HH^eKca k — sto MHHHMajiBHbiit OTpe30K, cqnepjKamHH Bee 
HCKjiioHHTejibHbie h HiTpacpHbie HH^eKCbi, cooTBeTCTByromne k. Ha30BeM HH^eKC k £ K eudeJiennuM, 
ecjiH Ha OTpe3Ke A(k) HeT HH,n;eKCOB, cooTBeTCTByiomnx flpyroMy neHeBOMy HH^eKcy (nHane roBopn, 

tt(J n A(k)) = 7r(V'~ 1 (J n A{k))) = Kn A(k) = {k}). 

JleMMa 4.14 (o BbbrejieHHH) . Ilycm'b \K\ > 2. Tozda cymecmeyem cucmeMa S' , yjiynwawwfisi S, 
maKCLR, umo e neu \K'\ < \K\, npuueM au6o e S' cyu^ecmeyem eudeJieuHuu neneeoil undenc ko, 
au6o \K'\ < \K\. TIpu 3moM e nepeoM CAyuae UMeeM d(K) n [ko,n] = 0. 

/JoKa3ameAbcmeo. Ilpouecc yjiynnieHHH 6ya,eT npoxo/niTb b HecKOjibKO uiaroB. Ha Ka>KflOM mare 
mm 6yfleM yjiynniaTb CHCTeMy, /i;o6HBaHCb BbinojiHeHHH HeKOToporo CBoftcTBa (cBoero pjis KajK^oro 
niara). Ilpn stom sto cbohctbo 6ya;eT coxpaHHTbca n npn Bcex nocjie/iyioinHX inarax. 
HycTb iq = max d(K), ko = 7r(io). 

LUaz 1. IlpeflnojioJKHM, hto cymecTByeT neHeBolt HH^eKC k, jiejKamnH Ha HHTepBajie (iQ,ko). 
nepeonpe,n,ejiHM cpyHKinno tt, nanaran tt'(i) = k flJiH Bcex i E [io,k] n ir~ 1 (ko). H3 onpeflejiemiH io 
cjie^yeT, hto 3HaneHHe d(k) He H3MeHHjiocb. Ecjih nocjie 3Toro OKa3ajiocb, hto 7r /_1 (£;o) = 0, to 
BMKHHeM ko H3 K. HeTpyaHO BH/i,eTb, hto nojiynnjiacb cncTeMa, npnneM HBjiaiomaHCH yjrynnieHHeM 
hcxohhoh (Bee HjieHbi nopoJKfleHHoii nocjieapBaTejibHOCTn BnjioTb ko-vo He H3MeHHjincb, nocjie- 
nyromne He yMeHbuinjiHCb) ; npn stom, ecnn \K'\ = \K\, to 3HaneHHe d(ko) y BejiHHHjiocb . Ilocjie 
HecKOJibKHX TaKHX uiaroB mbi jih6o yMeHbuiHM \K\ (TeM caMbiM flo6HBHiHCb Tpe6yeMoro), jih6o np- 
6beMca Toro, hto (io, ko) D K = 0. 

Hroro, mojkho cnnraTb, hto (io, ko) D K = 0. 

LUaz 2. IlepeonpeflejiHM cpyHKinno n, nojiaraa vr'(i) = ko flJia Bcex i € [io>&o] H /. IIojiyHH- 
jiacb CHOBa cncTeMa, npHHeM, nocKOjibKy MHOJKecTBO {iQ,ko\ D I He coflepjKHT njioxnx HH^eKCOB, 
nopojKfleHHaa nocjieflOBaTejibHOCTb He H3MeHHjiacb. 

Htoto, mojkho cHHTaTb, hto 7r([io, ko] n /) = ko- 

LUaz 3. PaccMOTpHM 0Tpe30K T = [io, ko — 1]; Ha HeM HeT neHeBbix HH^eKcoB, a njioxHM HBjineTCH 
TOjibKO HH^eKC io - Tlo c JiejcTBHio 14 . 8 1 o pasflejieHHH mojkho Tax nepecTpoHTb CHCTeMy S Ha OTpe3Ke T, 
hto Ha OTpe3Ke T Bee niTpacpHbie HH,n;eKCbi 6y,a,yT jieBee Bcex HCKjuoHHTejibHbix. Ilpn 3tom 3HaneHHe 
io MOJKeT TOJibKO y BejiHHHTbca , a cbohctbo niara 2 coxpaHHeTCH. 

Hhbimh cjioBaMH, mojkho CHHTaTB, hto [io, ko](~) J = 0. 

LUaz 4- 06o3HaHHM I\ = [io,^o] = {io, . . . , it} (io < • • • < it), Ji = V'(-^i)- no cjiejcTBHio 14,101 
o nepeHa3HaHeHHH HiTpa4)OB, mojkho CHHTaTB, hto ip(i s ) > ip{i r ) n P H < s < r < t. 06o3HaHHM 
j s = ip(i s ) npn < s < t. 

LUaz 5. npe^nojioJKHM, hto Ha OTpe3Ke [io, jo] coflepjKHTca em\e KaKoit-TO neHeBoii HH,neKC k ^ ko 
(rar^a k > ko; mbi Bbi6npaeM k HaHMeHBHiHM bo3mojkhbim) . IlycTb so = max{s : j s > k}. Tor^a 
mojkho nepeonpe^ejiHTb cpyHKHino tt Ha sjieMeHTax io, • • • ,i So , nojiaraa 7r'(i s ) = k npn < s < So 
(npn 3tom, ecjiH so = i, TO naflo ern;e BbiKHHyTb ko H3 K' , yMeHbimiB TeM caMbiM \K\; b npoTHB- 
hom cjiynae 6y,n,eM HMeTb d'(ko) = i So +i). Ilpn stom 3HaHeroie d(k) He H3MeHHTCH no Bbi6opy io- 
HeTpy^HO BH,u,eTb, hto nojiynnjiacb cncTeMa, yjiyHHiaioiu,aH ncxoflHyio: HjieHbi nopoK^eHHOH nocjie- 
,a,OBaTejibHOCTH BnjioTb /i;o &o-ro He H3MeHHjincb, a flajibHeltHiHe He yMeHbuinjiHCb. 

Ilpn stom b H3MeHeHHoit CHCTeMe (flJiH hobmx 3HaHeHHit io, ko) BbinojiHeHO ycjiOBHe [io,io] H-ftT = 

!/••(.}• 

LUaz 6. IlycTb Tenepb J\ = JD[ko,jo] - IloKajKeM, hto mojkho nepeHa3HaHHTb niTpacpbi TaK, hto6m 
HH^eKCbi jo, ■ ■ ■ ,jt HBjiajincb MHHHMajibHbiMn HH/i,eKcaMH b J\ (nHane roBopn, hto6bi {jo, . . . , jt} = 
J n [ko, jo])- IlycTb sto He TaK, to ecTb ^jih HeKOToporo < s < t cymecTByeT j € J \ {jo, ■ ■ ■ ,jt} 
TaKoft, hto j < j s ; nycTb i = ip~ 1 (j) < Mojkho cnnTaTb, hto s — MaKCHMajibHbiii HH^eKC c 3thm 
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cbohctbom, a j — MiiHHMajibHbiii fljiH 3Toro s. Toryja no npejuioaceHHio [4~9l o nepeHa3HaneHHH flByx 
HiTpacpoB mojkho nepeHa3HannTb ip'(i) = j s , ip'(i s ) = j; hcho, hto nanynHTCH CHCTeMa, npnneM b 
Heft pjw HH^exca s y»ce He 6yn,eT cymecTBOBaTb TaKHX j. IIobtophh npone,aypy, b KOHne kohhob ,n;o 
6beMca Tpe6yeMoro. 3aMeTHM, hto b nponecce nepeHasHaneHnft nopn^oK sjieMeHTOB ip(io), ■ ■ ■ , ip(it) 

OCTaeTCH HeH3MeHHbIM . 

HTax, mm ,n,o6HjiHCb Toro, hto {jo, . . . , jt} = [io,jo] H J (HanoMHHM, hto [io,feo] D J = y»ce 
nocjie LQara 3). 

Ulaz 7. IlpeflnojiojKHM, HaKOHeu,, hto [io,jo] Hi / {io, • • • , it, jo, ■ ■ ■ ,jt, &o}j no pe3yjibTaTaM 
npeflbbryinnx niaroB, «jihhihhmh» 3jieMeHTaMH MoryT 6biTb TOjibKO HCKjnonHTejibHbie HHfleKCM, jie- 
jKainne Ha OTpe3Ke [ko, jo]- Tor,a,a neHeBbie hh^ckcm, hm cooTBeTCTBy roiniie , 6ojibHie jo. IIojiojkhm 
fo = min{/ £ L : / > jo}. H3 Bbi6opa iq ciie/ryeT, hto /o — Henjioxoft. Tor,n,a no cjie,a,CTBHio 14.81 
o pa3^ejieHHH, cymecTByeT yjiynineHne S' Hanieft cncTeMbi, OTjinnaioiHeecH ot Hee jinnib Ha OTpe3- 



Ke [ko + 1 , fo — 1] , b KOTopoM yace 



kn, max ib(i a ) 

0<s<t 



ni = 0. 



CyMMHpya npe^bmynnie pe3yjibTaTbi, bh/him, hto b nojiyneHHoft cncTeivie BbinojiHHeTCH cootho- 
nieHHe 

[i ,jo] DL = {i , . . . ,i t ,jo, ■ ■ ■ ,jt,k }- 

TaKHM o6pa30M, HH^eKC ko b Heft HBjiaeTCH Bbi^ejieHHbiM. KpoMe Toro, no onpe/jejieHHio io, mm 
HMeeM d(K) C\ [ko,n] = 0. □ 

TeopeMa 4.15. y n < F(n + 1). 

/JoKa3amejibcmeo. HH,zryKnHH no \K\. Ilpn \K | = /i,OKa3biBaTb Henero, npn \K\ = 1 yTBepjKflemie 
cjie,n,yeT H3 jieMMbi 14.131 

HycTb \K\ > 2. IIpHMeHHH jieMMy 14.141 o BbiflejieHnn, mm jih6o yivieHbniHM \K\ (nocjie nero 
npnMeHHMO npe,a;nojioJKeHHe HH/ryKinni), jih6o nojiynnM cncTeMy c TeM JKe 3HaneHHeM \K\, B KOTopoft 
HeKOTopbift neHeBoft HH^eKC ko ~ Bbi,fl;ejieHHbift. IlojiyHeHHyio cncTeMy onnTb 6y r o;eM o6o3HanaTb 
nepe3 S. 

Mroro, nycTb HH/jeKC ko E K Bbi^ejieH. IlycTb S' = (n, I' , J' , K' ,t/j' , 7r'), rpis 
K' = K\{k }, I' = I\Tr- 1 (k ), J' = J\^-\ko)), i/ = ^\i; n' = Tr\ r ; 

HeTpyflHO BHfleTb, hto S' — cncTeMa. IlycTb (yQ — nocjie/i,OBaTejibHOCTb, nopoJK^eHHan S'. IIocKOjib- 
Ky I if' I = j K I — 1, no npe^nojiojKeHHio nHflyKinni y' n < F(n+1). J^Jisi 3aBepnieHHH flOKa3aTejibCTBa 
flocTaTOHHO /i,OKa3aTb, hto S' yjiynniaeT S. 

IIOJIOJKHM 



I = vr (k ), io = mm/ , J = ip{Ia), jo = maxJ . 

3aMeTHM, hto y[ = yi npn i < io- IlycTb j — MaKCHMajibHbift HH^eKC TaKoft, hto Bee HH^eKCbi H3 
nojiyHHTepBajia (jo, j] — pn^oBbie (TaKHM o6pa30M, ecjin jo = maxL, to j = n, HHane j = min{j € 
L:j>j }-1). 

HecpopMajibHO roBopn, nocKOjibKy HH^eKC ko — BbmejieHHbift, nocjie^oBaTejibHOCTb (yi) Be,n,eT 
ce6a Ha OTpe3Ke [io, j] b tohhocth KaK nocjieflOBaTejibHOCTb, flonycTHMan fljia «c,a,BHHyToft» cncTeMbi 
(j — io + 2, Io, Jo, Ko, ^llo)- OopMajinsyeM 3to yTBepjK^eHHe. 

Hojiojkhm = io — 2. Onpe,a,ejiHM cncTeMy S\ = (j — J±,K\, ipi,Tri) cjie^yiomHM o6pa30M: 

h = Io~i*, J\ = Jo~i*, Ki = {ko-i*}, 
- i*) = 4>(i) — i*, 7Ti(i - i*) = ir(i) - i*. 

IlycTb (xi) i= Q* = Hs 1 (yi t ,yi it +i). Toiyja HenocpeflCTBeHHaH mupjKu^iR noKa3biBaeT, hto Xi = yi+i, 
npn Bcex < i < j — i*, n6o 06a njieHa nojiynaioTCH H3 npe/i;biflyn;HX no o^HHaKOBbiM npaBHjiaM. 
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AHajioriiHHO, ecjiii (a^)i=o* — flonycTHMaa nocjieflOBaTejibHOCTb rjih nycTon cncTeMbi c TeMH JKe 
HanajibHbiMH ycjiOBHHMH, to x\ = y' i+it npn Bcex < i < j — i*. Ho cjieacTBHio 14. 13| HMeeM Tenepb 
Uj = Xj-i, < x'j-i^ = Uj- Ecjih j = n, to 3to n ecTb Tpe6yeMoe HepaBeHCTBo. 

HycTb, HaKOHen,, j < n. HoKajKeM, hto nocjieflOBaTejibHOCTH (yj) n (y-) yzjoBjieTBopaioT ycjiOBHHM 
jieMMbi 0~5] 06 yjiyHineHHH npn I = j + 1. 3aMeTHM, hto y j+1 = yj + 2/0(7+1), y' j+1 = Vj + Ve'tf+iy 
npnneM HH,n,eKC 6 = 9(j + 1) = 9'(j + 1) jih6o paBeH j (ecjiH j + 1 £ /), jih6o He npeBocxo^HT 
io — 1. 3HaHHT, 2/0 O'+i) — u'e{j+i)^ oTKyfla cjie/ryioT ycjioBna (2). HanoMHHM, hto H3 yTBepjKfleHHH 
jieMMbi 14.141 BbiTexaeT, hto HHfleKC j + 1 Henjioxoft. 

^ajiee, npn jiio6om i > j + 1 HMeeM 8 = 9{i) = 9(i) f , hto ;j;oKa3biBaeT (1). KpoMe Toro, npn 3thx 
jKe 3HaneHHHx i jih6o 9(i) > j, jih6o 9(i) < io — 1 (sto cjie^yeT H3 Toro, hto j + 1 — Henjioxoft, a ko 
— BbmejieHHbift) . IlosTOMy ycjioBHe (3) TaK»ce BbinojiHeHO, h6o y s = y' s npn s < iq — 1. 

HTaK, no jieMMe 06 yjiynmeHHH y n < y' n , hto h Tpe6oBajiocb ppKm&Tb. □ 

Tenepb mm MOJKeM jj;oKa3aTb ocHOBHyio TeopeMy. 

,Z]|oKa3aTejibCTBO TeopeMbi 12.101 IlycTb v\,...,v n — Bee pa3BnjiKn b cjioBe W, ynopafloneH- 
Hbie no Hey6biBaHHK> 3HannMOCTH, Z{ = r(vi). Ho npejuioaceHHio |4T2| z n < y n jijih HeKOTopoft nopojK- 
fleHHon nocjie,i],oBaTejibHocTH (yi)f =0 - Ho TeopeMe l4.151 y n < F(n+1). 3HannT, n \u\ = z n < F(n+1), 
hto n Tpe6oBajiocb /i,oKa3aTb. □ 
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